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Abstract. In this paper, we present a model which characterizes distributed computing algorithms. The
goals of this model are to offer an abstract representation of asynchronous and heterogeneous
distributed systems, to present a mechanism for specifying externally observable behaviours of
distributed processes and to provide rules for combining these processes into networks with desired
properties (good functioning, fairness . . .). Once these good properties are found, the determination
of the optimal rules are studied.

Subsequently, the model is applied to three classical distributed computing problems: namely the
dining philosophers problem, the mutual exclusion problem and the deadlock problem, (generalizing
results of our previous publications {1], [2]). The property of fairness has a special position that we
discuss.
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1. Introduction

This paper presents a new model which describes the phenomena of distributed
computing through a behavioural study of distributed algorithms. This model is
based on the interconnection of N Markov chains, each representing a distributed
process.

Our model differs from the usual ones (see [4], [5], [14]) since it handles a
formal specification of distributed systems through local considerations. Good
functioning properties for the execution of algorithms are found from the
processes’ behaviour. Thus good rules for designing algorithms with desired
properties (liveness, safety, fairness) are found.

Optimal functioning is then studied through the optimization of a decision
function under some constraints imposed by the network structure.

The model is applied to three classical problems: namely, the dining
philosophers problem, the mutual exclusion problem and the deadlock problem in
which fairness reveals itself to be an important issue.
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2. Formal Model for Distributed Algorithms

A distributed system is a software and hardware structure distributed in a network
of processes which computes information by message exchange. This network
consists of sites (or processes) and a communication system. Each site corre-
sponds, at the hardware level, to a processor with its own local memory and, at
the software level, to a sequential process with communication primitives ({7], [8],
[10], [12]).

The emergence of real distributed machines has added a new urgency to the
development of adaptable algorithms and to their control. In order to solve the
problems encountered in the development of distributed operating systems, a
formal model must be defined. In particular, distributed mechanisms must be well
understood, new problems related to the use of parallelism have to be highlighted,
and adapted solutions have to be found ([12], 13]).

Three main issues are usually considered over this framework on distributed
control problems: the design of control algorithms, their correctness proof and the
evaluation of their performance. Our model helps to investigate the last two
issues as it will be described in the following. Its main characteristics are that it is
based on an observational approach, it deals only with local considerations and
uses a known mathematical tool, the Markov chains.

This gives a new approach to deal with distributed systems.

3. Decision Function and Optimality Criteria

Consider N finite homogeneous Markov chains with state spaces =
{1,...,v}, (k=1,...,N) and corresponding transition matrices kM, (k=
1,...,N).

The notation “M expresses the fact that each transition matrix depends on a
multi-dimensional  parameter p, characterizing it, for example p,=
“Pis - - - ,kpl.]., R kakpk)- Thus, these “M are matrices M,.

DEFINITIONS

(i) The distributed system is made up of a network of processes logically
represented by the interconnection of N Markov chains. Then there exists a set of
relations between the parameters p,, . . . , py which defines and characterizes the
network,

R(pys---5py)=0 j=1,...,N. )

These relations are constraints (which can be linear). We write p=
(pys - - - > py) € R iff the parameters p;, . . ., py satisfy (1).

(ii) For every kE€{1,..., N}, suppose that there exists only one acyclic
ergodic class “&€ and at most one transient class *g. This is the condition (C).
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For the chain number k, ifi € ke let kT be the mean recurrence time of state i
(that is to say “T,=X7_, nf®”, where f¢ 2 is the probability that starting from
state i, one comes back to i for the first time in n steps) Recall that “T, =
1/lim,__* 57), this latter expressmn is independent of j, (”) being the coeffi-
cient (j, i) of the matrix (*M)".

If j and j’ € “®, let us denote by S the total mean sojourn time in j' starting
from j. These S are given by the matrlx I~ W) where “W is the submatrix
restriction of M to the trans1ent states (states of “®). A decision function is a real
function f of variables T, and S i€*€, j and j'€*®, and with k€
{1,..., N). Since these “T, and S are expressed in term of matrices (*M)", i.e.,
in term of p,, f is a function of the variables p,. The definition of a decision
function f implies that the network verifies condition (C). For each problem,
following its context, a decision function will be defined and its role will be to
control the functioning of the system and to find so the optimum policies.

(iii) An optimality criterion is based on the optimization (maximization or
minimization) of a decision function f, under some constraints.

4. Our Model

Referring to many authors (see for example [4], [5], [7] [12], [14]), we specify our
definition of a distributed system.

Our model (¥, ¥°, 7, %) is based upon the interconnection of N Markov
chains:

o ¥, the set of system-states, is here the set II}_,(“%).

o ¥° the set of initial system-states is a subset of &.

e T is the set of functioning rules. Each functioning rule, denoted here by M,
is a N-tuple of transition matrices (M, , ..., M, ), where p € R. We are only
interested in functioning rules with which we can associate a decision function
f (that is to say only with rules associated with a Markovian network which
satisfies condition (C)).

A functioning rule is said to be optimal if and only if its p maximizes (resp.
minimizes) the decision function f when the imposed optimality criterion is
the maximization (resp. minimization) of f.

A functioning rule M, is said to be bad if and only if its p maximizes (resp.
minimizes) the decision function f when the imposed optimality criterion is
the minimization (resp. maximization) of f. Every functioning rule which is
not bad is said to be advisable. Optimal and advisable functioning rules are
good functioning rules.

e For each problem, we want to find one or several optimal functioning rules,
or if this is not possible to find advisable ones. We let $={M , p ER,,
Ry, C R} C T, define the set of good functioning rules of the problem
Now, we are going to study 3 applications of our model.
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5. The Dining Philosophers’ Problem
5.1. THE PROBLEM

In distributed computing, the problem of resource allocation and of solving
conflicts between processes is well illustrated by the dining philosophers problem.
Traditionally, the philosophers are arranged in a circle around a spaghettis plate,
with a fork between each pair of philosophers. In order to eat, each philosopher
requires his two adjacent forks ([7]). Algorithmic solutions can be found in [7].

The problem considers a network of N finite homogeneous Markov chains with
the same state space. VKE{1,..., N}, "“¥=2={1,...,4}, where state 1=
“waiting”, state 2= “with one fork”, state 3 =‘“with two forks”, state 4=
“thinking”, and with the following transition matrix:

11—, o 0 0

= 0 1- B B 0
M, 0 0 1-v v/’

1 0 0 0

where p, = (o, B, 1) E0, 1[5, for k€{1,..., N}.

The Markov chains verify condition (C): more precisely, each of these chains
has only one acyclic ergodic class and no transient class. The connection in the
network is expressed here by the relations:

L (a;, ey )=, + By —1=0 (k=1,...,N—-1)
Ly(ay, B)=ayt+pB,—1=0.
The set of p, = (e, B, ¥,) verifying these constraints is denoted by %.

5.2. DEFINITIONS

The set & of system-states is here Z".

The set &° of initial system-states is here the set 2" itself.
The set J of functioning rules is here (M,),cq-

The decision function is here:

a B+ B T e T B

o By ’

where the constants g, are such that V€ {1,..., N}, ¢, €10, 1[ and £}_, g, =
1. The reason to the choice of this function is that: on the one hand, Vk €
{1,..., N}, each state is recurrent so that the kT,., (i=1, 2, 3, 4), have a
meaning; on the other hand, the best functioning rule is the one that minimizes
the mean recurrence time to the state with two forks (that is to say, the rule that
performs a return to state 3 the most often possible). Thus, with the help of the
computation of lim, ,_(*M)", we obtain the expression for the #; in particular,

fzzl‘h
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1 By

kT3 - Bt B + Viar t aBive '

The function f expresses the sum of the recurrence time T, weighted by the
coefficients g, . Its minimization determines the desired functioning rule.

5.3. RESULTS
THEOREM 5.1. Y(y,, - - - » vy) € (10, 1[)", the unique optimal functioning rule is
M, = (MPI’ cees MPN) where

{r+1Ye+1
9 Y

1
= > , ke{l,...,N—-1
P 1+ [di+1Ye+1 1+ [Gr+1Yk+1 Ye { ;
qi Y dxYe
and
141N
Py = 1 ANTN v
N 1+ ‘]17’1’1+ TR i
InYn anYn
Ifthe y,, . . . , yy are bounded from below, that is to say (v,, . . . , v) €I (¢, 1[,

then the set G of good functioning rules is the singleton {M,}, where

i +1Cr+1
1 q

£Ck
= , , ke{l,...,N-1
P 1+ D +1%k+1 1+ [dk+1Ck+1 C { J
9xCx qxCx
and
14161
1 anEN
= b 3 C
Py 1+ \/7]1'61 1+ g * N
gnCN dnCN
Proof. By considering the constraints L, and introducing the Lagrange multi-
pliers A, (j€{1,..., N}), we have to solve the following system of equations:

d J = -
I O S L ="3% ) —o, ke(l,...,N},
a

af d ~GrY

— 4+ — AL = +A,_,=0, k€{2,...,N},
B M= T Bi 1 { !
9
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which implies
QY _ De+1Ve+1
2z = Z
X B

and thus

‘Ik+17k+1
Besi=N—"——
qrYr

Since a, + B, =1, we have
/4k+17k+1
91 Y
[Di+1Ve+1
O Ve
/‘1k+17’k+1
arYe

Moreover, the function

2

and

(@, Bys - -+ ay, By)— E Qk[(l + %) + 31:] + E AL (ay, By)

+ )‘NLN(O‘N > Bl)

is convex as a sum of convex functions. Thus, the optimum is a minimum.

When (y,, . .., vy) varies, and if the parameters are bounded, the form of f
shows that the minimum is reached for (y,,..., w)=( ..., cN).
Remark that, in the particular case where VK€ {1, ..., N} q, = 5, we find the

result reported in [1] with

Cr+1

_ 1 Cr
pk - T s T ’ Ck
1+ [Ck+1 1+ [Cr+1
Cp Cp

6. The Mutual Exclusion Problem
6.1. THE PROBLEM

When many processes require an access to shared resources, mutual exclusion
must be ensured. Such a protocol consists in a policy which allows at most one
process to work with the resource. This is the typical contention problem and an
overview of solutions can be found in [7}], [11].

The problem considers a network of N homogeneous and finite Markov chains



TUNING DISTRIBUTED CONTROL ALGORITHMS 183

with the same state space YVkE{1,..., N}, *¥=%=1{1, 2, 3, 4}, where state
1=“request state”, state 2= ‘“refusal”, state 3= ‘“‘acceptation”, state 4=
“execution”, and with the following transition matrix:

ag B 1—a,— B 0

B =% Y% 0 0
M=l o o 5, 1-65,1°
1-6, 0 0 8,

where p, = (o, B> Yi- 6> 0) €O, 1[° and 1 — @, — B, > 0. The Markov chains
verify condition (C): each of the chains has one and only one acyclic ergodic class
(and has no transient class). The interconnection into network is expressed by the
relations:

N
LIEE a,—1=0
k=1

(there is almost surely a “request”), and
N

L2§2 (1-a,—B)—1=0

k=1

(there is almost surely an “acceptation”). The latter relation can also be written
N
L,=N-2- 2, B,=0,
k=1

which shows that N > 3.
The set of p, = (@, Be, Yi» O, 6 ) verifying these constraints is denoted by 2.

6.2. DEFINITIONS

The set & of system states is ™.

The set #° of initial system states is the set 2" itself.
The set I of functioning rules is (M,),cq-

The decision function is:

N k N
_ Tz_E (—v) -, —B)
f /;1 L T, i1 U (1-38,) Br ’
where the constants g, are such that VkE€ {1, ..., N}, g, €10, 1[ and Sy =

1.
As in the previous problem, from the computation of lim,_, ., (*M)", we obtain
the expression for #; in particular:

1“')’k+ 1—ak_Bk+(1—ak_Bk)(1_7k)

k =
T2 1+ ﬂk ﬁk(l - ak) ﬁk(l - 6k) ’

and
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kT3:1+ 1-§, + Bk(l—sk) 1-8,

- =B (1=, — Bl — %)
In the present case, the best functioning rule consists in reducing as much as
possible the mean recurrence time of the state “refusal” (that is to say, coming
back as often as possible to the state “‘refusal”’) and at the same time in
maximizing the mean recurrence time of the state “acceptation” (that is to say,
coming back as late as possible to the state “acceptation’). Minimizing the sum of
the ratios of the mean recurrence time of the state ‘“‘refusal” to the mean
recurrence time of the state ‘‘acceptation” corresponds to the desired functioning
rule.

6.3. RESULTS
THEOREM 6.1. (a) Y(v,, 8., 8,, - - ., V> On» 8y) € (10, 1[)*", the unique optimal
functioning rule is M, = (M, , ..., M, ), where
Y Y,
N-Dage7—5 (N=-2ag—5
k k
pp=] 1— — > — > Ve Oks Oy
L SR S St/
=1 T, =1 4T,

(b) If the v,, . . ., vy are bounded from above and the &, . . . , 6y are bounded
from below, that is to say if v, €10, ¢,] and 8, €[d,, 1[, k €{1, ..., N}. Then the
set G of good functioning rules is the set of optimal functioning rules M, described
in (a) with (y,,8,) = (c,,d,), k€{1,..., N}, when(0,, . .., 0y) variesin (]0, D"

(¢) In the particular case where Yk € {1, ... N}, (c;, d,) = (c, d), 6, = %, and
q. = %, then we find the fairness solution which is

_<i N-2 1)
Pr = N’ N » G, :N

Proof. By considering the constraints L, and L,, and introducing the Lagrange
multipliers A, and Az, we have to solve the following system of equations:

&f dL, oL, _ = 9, (1 - Yk) _
der, | L da, T da,  B(1- ~Ah =0, )
af IL, g (1= %) — o)
—— +A Ly, —=2=- —-A,=0. 2
By ! 0"3 : By Bi(l—ak) : @)
The solution of equation (1) gives
1—vy 1- Y
et e 3,

! B, N-2 ’
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viz.
Yee
B N (N 2) kl 3
“ s N I-v
=975

Considering this value of B,, (2) gives:

1__7_
- N o~

a “")Zf=1qf1—5j_ (N-1)

-y, (N-2)

_AN2 k ’

(N 2)qk————1_8k

-, =

which implies

11—y,
(N_l)qkl_ak
a,=1— — k-
2:N 1 Y
=197 =5,

Let us now show that this solution corresponds to a minimum for f. To this end,

let us reduce the initial problem to an equivalent one by setting w, = g, i—:;-: and
A% =1— a,. The equivalent problem is to minimize

N 2

4x

F(Ala.Bl""’AN’ BN): E wkﬁ_

k=1 k

under the constraints

N
N-2-2 B,=0,
k=1

N
ZlAi:N—l,

Ai<1, B, >0, A,-B,>0.
It is straightforward that the solutions
_WN-Dw,e o (N=D)w,

a, =1
k N » Pk N
Yiaw; LW

of the initial problem correspond to the solutions

. [N“Dw, . (N-2w,
A = N B = —
" Tiaw 0 Ihw

of the equivalent problem. Note that the function
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is convex, since its Hessian

2 -24,
B«  Bi
24, 24,
B:  Bi

corresponds to a positive semi-definite quadratic form. F is thus convex as a linear
combination of convex functions with positive coefficients. Consequently, the
solution (A,, B,,..., Ay, By) corresponds to a minimum for F, and it is the
same for the solution

<1 —(N-1Dw, (N~2)wk>

N ’ N
Lig W Loy w,

of the initial problem. |

7. The Deadlock Problem
7.1. THE PROBLEM

The deadlock problem is a frozen situation generally resulting from a circular
inter-process dependence. It often occurs in a wait-for-communication scheme or
for a concurrent access to a resource [6].

The problem considers a network of N finite homogeneous Markov chains.
With the same state space VK€ {1,...,N}, “#=%=(1,...,4), where state
1= “active”, state 2= “idle”, state 3 = “terminated”, state 4= “blocked”, and
with the following transition matrix:

a 1—a, O 0
M = Be % & 1-Bi—%n—8),
Pk 1 0 0 0 ’
0 0 0 1

where p, = (¢, Br> Y% 8) EI0, 1[% and B, + 7, + 6, < 1.

The Markov chains verify condition (C): each of the chain has only one ergodic
class (reduced to the state 4) and has only one transient class. The connection in
the network is expressed here by the relations:

N
LIEEak—l=0 3)

k=1
(from state 1, there is almost surely at least one process which stays in state 1);

N
L2E,§1B"_1=O (4)

(from state 2, there is almost surely at least one process which goest to state 1);

N
@Egn—wo (5)
k=
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(from state 2, there is almost surely at least one process which stays in that state);
N
L4528k‘—1=0 (6)
k=1

(from state 2, there is almost surely at least one process which goes to state 3).
The set of the p,’s, {p,} such that p, = (a;, B;, ¥ 6;), verifying these constraints
is denoted by %.

7.2. DEFINITIONS

The set & of system states is £

The set &° of system initial states is the set z" itself.
The set I of functioning rules is M), ca-

The decision function is:

(B +8)+(1—a)1+3,)
/= 2 e Q-e)A =B~ %—8) ’

where the constants g, are such that Vk€ {1,...,N}, q, €10, 1[ and T}_, q, =
1.

The reason to the choice of this function is that states 1, 2, 3 are transient,
while state 4 is an absorbing state; a good criterion is to avoid entering too quickly
into state 4. As one can only enter in state 4 from state 2, it is equivalent to say
that a bad criterion is to enter state 2 as quickly as possible, i.e., to minimize the
sum of the respective mean sojourn times in state 1, 2, 3 starting from state 2. As
indicated in subsection 3.2, computing (/ — *W)™" yields

23: kg = Bt 8 +(1—a)(1+35)
o1 Y (Q-e)d=B—%—8)°
from which we get the expression of f.
The search for optimal solutions of f, when taking into account the constraints
L, and introducing Lagrange multipliers A;, i € {1, 2, 3, 4} leads to the following
system of equations:

By + 8,

;_f ﬂaklglu-q"( P 1-B—7—sy 70 7
%+£:liluizlfkak[“(*/ﬁﬁ(:—ak)(;:)@)}HFO’ ©
R e S
aa aak,El)‘L'_lzkak[B—Bk_(l ﬂ:27k+akl)3k+a”k]+;\4=
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The simultaneous solution of all these equations is difficult. So we derive a
partial solution, first in relying on the importance of the role of fairness, and
second in fixing 2 parameters out of 4: then we have C? =6 cases to study. Also
remark that this study has only a sense for N =4; this is due to the condition
Byt v, +8, <l

THEOREM 7.1. Suppose that VkE {1,...,N}, e, = %, By = %. Then the set of
of bad functioning rules is the set of M’s, M, = (M, g s M, ) where

2(11 _N’42N-1  4NT-3N A1 )
P=\N N> Y0 3N 5N 2 % T NBNT—5N +2)

ke{l,...,N}, when

( )EGO 4N* 3N +1 D”
Moo W *NVEr2N-Dl)

The fairness belongs to this set. Its complementary set o is the set of advisable
functioning rules.
Proof. (a) Considering the equations (9) and (10), we have:

(- )
a4 1+ Z_N Oy
N-1l/N-1 2

N ( N _‘Yk—ak)

(5 L) L (152Y),

N—1 > +A,=0.
TL <__“Yk O
Thus
1+<2—-—1—)8
Ay N/ ¥ _ N’+2N-1
Ao 3 1 1—2N C3N*-5N+2°
3—N+_"2+< N )7k
which shows that
N*+2N -1 4N°—3N+1

8= — gy, + .
kT T3N? 5N +2 % NBN*—5N+2)

Let us denote by (4, 8,) these solutions. It can be easily checked that (%, %) is
one of such solutions. Note that the g,’s do not appear in these solutions.
(2) Since §, €10, 1{, we have

N*+2N-1 + 4N*—-3N+1
AN —5N+2 %" N(BN?>=5N +2)

which implies that

0< -
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—3N3+9N2—-5N+1<A - 4N*-3N+1
N(N*+2N—1) T N(N*+2N-1)°

Since N =4,

—3N>4+9N?*—5N +1
N(N*+2N-1)

<0,

and
4N’ —-3N+1
N(N*+2N-1)
Therefore the result is valid for

4N’ -3N+1 DN
" N(N*+2N-1)

(71,~--,7N)€<]0

(3) It remains to show that these solutions (7, §,) minimize the function f,

N 1 2qkfk’

where
_ (@N-1§ +N
= DN T8
under the constraints (5) and (6) and
N-—-1
"N
%.>0,8,>0,ke{l,...,N}.

Yt 8 <

By setting u, = vy, + 8, and p; = (2N — 1)§, + N, the problem changes to

=5 1 2 918k >
k=1
where

S -
B ™ (N—1)= Nu,’

under the constraints

u,>0,p,>0, k€{l,...,N},

N
> pi=N?’+2N-1.
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Note that since N=4, N>+2N —1>0 this polynomial being positive outside
[-1-V2, =1+ V2]. g, is convex, since its Hessian

2 2Np,
T (N-1)-Nu, [(N—-1)—Nu]
B = 2Np, 2N’p;

[(N=1) = Nu]* [(N=1) = Nu,]’
corresponds to a positive semi-definite quadratic form. Therefore,
N X
8= N-1 kgl 9:8%

is also convex. Thus, the solutions (%, 9,) of the initial problem (which
correspond to the optimal solutions (i, 6,) of the reduced problem) are solutions
which minimize the function f.

THEOREM 7.2. Suppose that Vk€ {1,...,N}, a, = %, v, = %. Then the set o/
of bad functioning rules is the set of M,’s, M, = (Mpl, e, pN), where
_<l 1 _2N+1 . SN-1 )
Pe=\nN>Pe N T3N=2 P NEN T2y

ke{l,...,N}, when

(o-ens e (o 221"

The fairness belongs to this set. Its complementary set &/ is the set of advisable
functioning rules.

Proof. (1) Considering equations (8) and (10), we have:
qi(2+ &)

+2,=0,

N—1>
A ( N /2T ) _2N+1

A (M= 4 1 3N-2°

and thus,



TUNING DISTRIBUTED CONTROL ALGORITHMS 191

IN+1 . SN-1
aN—2 P T NGBN=2)

8 =—

Let us denote by (B,, 8,) these solutions. We can easily check that (%, 3) is one
of such solutions. As in the case of Theorem 7.1, the coefficients g, do not appear
in the solutions.
(2) Since §, €10, 1f, we must have
2N +1 SN—1
< — + <
O<-3y=2 Bt nan—p <1
which implies
-3N’+7N -1 5N-1
B < .
N(2N +1) N(2N +1)
Since N=4, —3N*+7N—1<0 (this polynomial being negative for N§&
(=03 1¥3) and 538y < 1). Thus, the proposition is valid for

(:Bls LR BN) E(]O, Ngé\ll‘l+ll) [)
(3) It remains to show that these solutions (B, 8,) minimize the function f
which is here

N &
N-1 2 9. Ji
k=1

where
_NB,+(2N-1)§, +(N—1)
= WD N e
under constraints (3) and (5), and

N-1
:Bk+8 <-—]V—*~—,

B,>0, >0, ke€{l,...,N}.

By writing f, in the form
fo=—1 (N=-1)8, +2(N—-1)
, (N=1) = N(B +8,)

and changing variables (as in (7.1)) u, = B, + &, and p} = (N — 1)§, +2(N — 1),
we transform the initial problem into the minimization problem of

1 o) q: 8k »
where
2
- P
B = N =1)— Nuy

under the constraints
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p.>0, kE{l,...,N},
N
2 pi=(N+DHIN-1).
The function g, is convex since its Hessian Vg, is the same as the one of Theorem

7.1. Thus g is convex. The solutions (B,, 8,) of the initial problem correspond to
the optimal solutions (i, g,) of the transformed problem which minimize f. In

the particular case where Vk € {1, ..., N}, g, = &, we are brought back to the
study completed in [2]. |
THEOREM 7.3. Suppose that VK€ {1,...,N}, a, = % = L. Then the set o/
of bad functioning rules is the set of M,’s, M, =(M,, , .. M )» where
——(—l—p —2N2+N+1B+ 3N*+N-2 l)
Pe=\N> P "NTION—1 "¢ N(N*+2N-1)'N

ke{l,...,N}, when
(B B (Jo. )

The fairness belongs to this set. Its complementary set o is the set of advisable
functioning rules.

Proof. (1) Considering the equations (8) and (9), we have

[ ;y+2N2—1 T
k 2
L N +1,=0,
N-1l{/N-1 2
N (—_Bk Yk)_l
N+ N-1]
—BN+~—T——
9k N +A,=0,
N-1l/N-1 2
N _( B~ )_
which gives
_2N*-1
N TN —(N-DEN+D
Ay N*+N-1 N*+2N-1
Bet Tz —

N2
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Thus

—2N?+ N+1 3N’ + N-2
Y= B, + 2 .
N(N*+2N-1)

N +2N -1

Let us denote by (B, %) these solutions. It can be easily checked that (%, %) is
one of these solutions. Note here again that the g, do not appear in the solutions.
(2) Since vy, €]0, 1[, we must have

—2N?+ N+1 3N’+N-2
2 k+ 2 <
N +2N -1 NQN*-N-1)

1

This implies that
~N?+2 3N+ N-2
<, < 5 .
N(2N +1) NR2N"—-N-1)
Since N =4 and
3N*+ N-2 ~N*+2
. <1, <
N(2N°-N-1) N(2N +1)
Thus, the proposition is valid for
3N+ N-2 D"
"NQN*-=N-1)

0.

(Bl,...,BN)EqO

(3) Let us show that the solutions (8,, %) minimize the function f which is
here:

1 X
f=N-1 El it »
where
NB +(N*+N-1)
= W=D NGB
under the constraints (4) and (5), and

N-1
Bk+')'k<_N_’

B.>0, y>0, ke{l,...,N}.
First remark that since N =4, N> + N — 1> 0 (because this polynomial is positive

outside the interval [=153, Z1:Y3]). By setting u, = 8, + 7, and p> = N8, +
(N*+ N —1), the problem consists then in minimizing

1 N
g=N__1 Zlquk,

where
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2
= Pr
8~ (N=1)— Nu,’

under the constraints

N
D u =2,
k=1

u, >0, p,>0, k€{l,...,N},

N
> pi=N(N*+2N-1)>0.

Here again, we see that the function g, is convex since its Hessian is the same as
in the preceding cases. Thus g is convex. Therefore, the solutions (B, ¥,) of the
initial problem (which correspond to optimal solutions (#,, g,) of the reduced

problem) are solutions which minimize the function f. [
THEOREM 7.4. Suppose that VkE{l,...,N}, B,=1n, 8, = » and
N-2
< =7 .
%= NN -3)
Then the set o/ of bad functioning rules is reduced to {M,} ={(M,, ..., M,)},
where
(1 1 N-2 1 >
pk—<N7 N’ (N 3)qk+ N °N
ke{l1,..., N}. In the particular case where VkE {1, ..., N}, q, = &, we find

the fairness solution p, = (%, %, %, % ). #is the set of advisable functioning rules.
Proof. (1) Considering the equations (7) and (9), we have:

2q,
N1 - «) (u - 'Yk)
—q[1+ (1 - a)(N+1)] A

N1- o) (M52 )
which gives
ﬂ _ -2 —2N
A Q-2+ -a )N+ N AN-1)+(N+ DL, (1- o)
That is to say Vj, k€ {1,..., N},
-2 _ -2
(N+3)—2(N+2)a, +(N+1as (N+3)—2(N+2)a;+(N+1)a}’
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This yields that
(e, — )[-2(N+2) + (N + 1)(e, + )] = 0.
Since o, ; €]0, 1,
~2N+2)+ (N +1)(a + o) <-2(N+2) +2(N+1) = -2 <0,

then
1
==
Substituting @, = # in (7), we also have
= 29, _ 2N
" IN=1\YN-2 (N-1)(N-3)’
N T T - ’yk

which gives
N-2
%="WN-3)q+——

Let us denote this solution by (@, ¥,).
(2) Since v, €10, 1{, we must have
N-2
0<—(N—'3)qk+ T<l,
which yields
-2 ey < N-2
NN=3) TS NN—3) "
Since
N=4 ——2 <0
~ 7 N(N-3)
and
< N-2
N(N - 3)
Thus, we have the condition
< N-2
%= NN=3)"
(3) Let us show now that the solution (&,, ¥%,), K €{1, ..., N}, minimizes f,
which is here

0 1.

f=k§::1 At »

where
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2 N+1
N-i'(l"‘ak)

a-ap(2-y)

under constraints (3) and (5), and

fi=

a, €10,1],
0<’yk<T, kE{l,,N}
If we set
_g_b_N+1 =N~2
CNPTTN TN
the Hessian of f, is
2a a
1- ak)s(c %) (- ak)z(c - ')’k)z
szk:‘
a 2[a+ b(1 - a;)]

(- ak)z(c - ')’k)z =a)(c— ')’k)3

It corresponds to a positive semi-definite quadratic form, since V(x,, x,) € R*
2

2a 1

X, +
(1-a)(c— %) ' zf__lk_
1-a,

X5 1

(x, xz)szk(i:) =

+ [%a—*_b(l"ak)] x% =0
a(c—'yk)z
1-a

This shows that f, is convex and consequently f is convex.
The solution (&,, ¥,), k€{1, ..., N} corresponds to a minimum for f. |

7.3. OTHER CASES

REMARK 7.1. (concerning the case where YVKE{1,...,N}, B=%, %= ~)-
Here the set o of bad functioning rules is a subset of the set of M’ =
(Mpl, e, MPN), where

1 1
Pr = aky—N—a—Nask 5
ke{l,...,N}, are such that

P

(o, 8,) €10, l[x]O, H—];—;—z[
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for which the following relation holds:
(N—-2)+ N(N-3)8,— N’
NN —1)(3—5a, +2a?)
_ NQN-5)-N?%}_, 8}
3N (N-1)-5N(N-1)+2N(N-1) Y o®’

j=

The fairness (%, L, %, L) belongs to this set of M,)’s.
Sketch of Proof. Considering the equations (7) and (10), we have:

N+8é
qk = t + /\1 = O ’
N-=-2
(- %2 -5,)
and
2N-3 + 2N— 1
N N %
qx N> S+ A, =0,
a-ap(¥2-5)
thus
1 )(N—2 )
A <N + 6, N o,
Ao IN-3 2AN-1)_\
(1- ak)( N + N 5k>
This leads to the above relation. ||
REMARK 7.2. (concerning the case where VkE€{1,...,N}, v, =%, 8, = %).

As in the previous remark, the set s of bad functioning rules is a subset of the set of
M)s, M,=(M,,...,M, ), where
1 PN

1 1
P = <aks ﬂln Na ﬁ)
ke {1,... N}, are such that

(o B 10, 1% Jo. V22

for which the following relation holds:

(N=2)+ N(N-3)B, — NB% _ IN-5-NXIYL, B3

j=

2N-(N+Da, +(N+1)a; 2N -3N-1+(N+1)ZV o’

The fairness (%, %, v, v ) belongs to this set of M,’s.
Sketch of Proof. Considering the equations (7) and (8), we have:
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1
Bk + ﬁ
q: +A,=0
N-2
(1_ ak)2< N _Bk)
and
- +
NNl 4 NNl (1-ay)
G N2 N + /\2 =) R
(1= ak)( N B")
then
W -8
ﬂ _ (Bk+ N N Bk
/\ - s
N—-1 N+1
1-a| M+ My
this leads to the above relation. |

8. Conclusion

We have introduced a model for distributed computing that helps to handle the
complexity of concurrency control problems.

With this approach, we first showed that one can formally find good functioning
properties (safety and liveness properties) in a systematic way for the considered
distributed control problems. It is an efficient theoretical tool for reasoning about
distributed algorithms, with property that the global behaviour is obtained from
the study of local behaviour.

We then devised optimal functioning properties for different classical distribut-
ed computing problems in which fairness is proven a decisive issue.

On the other hand, as we are able to estimate statistically the model’s
parameters from various executions ([3]), this gives tools for the evaluation of the
means for the evaluation of the performance of distributed algorithms in their
average behaviour. This also corresponds to the requirements for a self-tuning
method for distributed systems. From a practical point of view, we have encoded
the model’s functionalities in a simulator, having thus an interesting practical tool
for comparing different asynchronous distributed algorithms ([3]).
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